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Abstract. In terms of the derivative operator and three hypergeometric series iden-
tities, several interesting summation formulas involving generalized harmonic num-
bers are established.
1. Introduction
For a complex number x, define the shifted-factorial to be
(x)0 = 0 and (x)n = x(x + 1) · · · (x+ n− 1) when n ∈ N.
Following Bailey [3], define the hypergeometric series by
1+rFs
[
a0, a1, · · · , ar
b1, · · · , bs
∣∣∣ z
]
=
∞∑
k=0
(a0)k(a1)k · · · (ar)k
(1)k(b1)k · · · (bs)k
zk,
where {ai}i≥0 and {bj}j≥1 are complex parameters such that no zero factors appear in
the denominators of the summand on the right hand side. Then Dougall’s 5F4-series
identity (cf. [2, p. 71]) can be stated as
5F4
[
a, 1 + a
2
, b, c, d
a
2
, 1 + a− b, 1 + a− c, 1 + a− d
∣∣∣ 1
]
=
Γ(1 + a− b)Γ(1 + a− c)Γ(1 + a− d)Γ(1 + a− b− c− d)
Γ(1 + a)Γ(1 + a− b− c)Γ(1 + a− b− d)Γ(1 + a− c− d)
, (1)
where the parameters satisfy Re(1+a−b−c−d) > 0 and Γ(x) is the well-known gamma
function
Γ(x) =
∫ ∞
0
tx−1e−tdt with Re(x) > 0.
When d = a/2, it reduces to Dixon’s 3F2-series identity(cf. [2, p. 72]):
3F2
[
a, b, c
1 + a− b, 1 + a− c
∣∣∣ 1
]
=
Γ(1 + a
2
)Γ(1 + a− b)Γ(1 + a− c)Γ(1 + a
2
− b− c)
Γ(1 + a)Γ(1 + a
2
− b)Γ(1 + a
2
− c)Γ(1 + a− b− c)
(2)
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provided that Re(1 + a
2
− b− c) > 0. A Dixon-like identity that will appear in Section 3
is
3F2
[
a, b, c
1 + a− b, a− c
∣∣∣ 1
]
=
1
21+c
Γ(1 + a− b)Γ(1+a
2
− b− c)Γ(a−c
2
)Γ(1+a−c
2
)
Γ(1 + a− b− c)Γ(a
2
)Γ(1+a
2
− b)Γ(1+a
2
− c)
+
1
21+c
Γ(1 + a− b)Γ(2+a
2
− b− c)Γ(a−c
2
)Γ(1+a−c
2
)
Γ(1 + a− b− c)Γ(1+a
2
)Γ(2+a
2
− b)Γ(a
2
− c)
(3)
provided that Re(1+a
2
− b− c) > 0.
For a complex number x and a positive integer ℓ, define generalized harmonic numbers
of ℓ-order to be
H
〈ℓ〉
0 (x) = 0 and H
〈ℓ〉
n (x) =
n∑
k=1
1
(x+ k)ℓ
with n ∈ N.
When x = 0, they become harmonic numbers of ℓ-order
H
〈ℓ〉
0 = 0 and H
〈ℓ〉
n =
n∑
k=1
1
kℓ
with n ∈ N.
Setting ℓ = 1 in H
〈ℓ〉
0 (x) and H
〈ℓ〉
n (x), we obtain generalized harmonic numbers
H0(x) = 0 and Hn(x) =
n∑
k=1
1
x+ k
with n ∈ N.
When x = 0, they reduce to classical harmonic numbers
H0 = 0 and Hn =
n∑
k=1
1
k
with n ∈ N.
For a differentiable function f(x), define the derivative operator Dx by
Dxf(x) =
d
dx
f(x).
Then it is not difficult to show that
Dx
(
x+ s
t
)
=
(
x+ s
t
){
Hs(x)−Hs−t(x)
}
,
Dx H
〈ℓ〉
n (x) = −ℓH
〈ℓ+1〉
n (x),
where s, t ∈ N0 with t ≤ s.
As pointed out by Richard Askey (cf. [1]), expressing harmonic numbers in accordance
with differentiation of binomial coefficients can be traced back to Issac Newton. In 2003,
Paule and Schneider [10] computed the family of series:
Wn(α) =
n∑
k=0
(
n
k
)α
{1 + α(n− 2k)Hk}
with α = 1, 2, 3, 4, 5 by combining this way with Zeilberger’s algorithm for definite hy-
pergeometric sums. According to the derivative operator and the hypergeometric form
of Andrews’ q-series transformation, Krattenthaler and Rivoal [7] deduced general Paule-
Schneider type identities with α being a positive integer. More results from differentiation
of binomial coefficients can be found in the papers [12, 16, 17, 18]. For different ways and
related harmonic number identities, the reader may refer to [4, 5, 6, 8, 9, 11, 13, 15]. It
should be mentioned that Sun [14] showed recently some congruence relations concerning
harmonic numbers to us.
Generalized harmonic numbers 3
Inspired by the work just mentioned, we shall establish several interesting summation
formulas involving generalized harmonic numbers by means of the derivative operator
and (1)-(3). By specifying the parameters, they can give numerous harmonic number
identities. For making the reader have a taste, we select, above all, the following two
ones:
2n∑
k=0
(−1)k(
2n
k
) H〈2〉k = 1 + 2n2 + 2nH〈2〉n ,
2n∑
k=0
(−1)k(
2n
k
) H2k = 1 + 2n2 + 2n
{
H21+2n −
H1+2n
1 + n
−H
〈2〉
1+2n +H
〈2〉
1+n
}
,
where the first equation comes from the case p = 0 of (7) and the second equation is
exactly Proposition 3.
2. Dixon’s identity, reversal techniques and summation formulas
involving generalized harmonic numbers
Theorem 1. Let x and y be complex numbers. Then
2n∑
k=0
(−1)k
(
2n
k
) (x+k
k
)(
y+k
k
)
(
x+2n
k
)(
y+2n
k
)Hk(x)
=
1
2
(
x+n
n
)(
y+n
n
)(
1+x+y+2n
2n
)
(
x+2n
2n
)(
y+2n
2n
)(
1+x+y+n
n
){Hn(x)−Hn(1 + x+ y) +H2n(1 + x+ y)}.
Proof. Perform the replacements a→ −2n, b→ 1 + x, c→ 1 + y in (2) to get
2n∑
k=0
(−1)k
(
2n
k
) (x+k
k
)(
y+k
k
)
(
x+2n
k
)(
y+2n
k
) =
(
x+n
n
)(
y+n
n
)(
1+x+y+2n
2n
)
(
x+2n
2n
)(
y+2n
2n
)(
1+x+y+n
n
) . (4)
Applying the derivative operator Dx to both sides of (4), we gain
2n∑
k=0
(−1)k
(
2n
k
) (x+k
k
)(
y+k
k
)
(
x+2n
k
)(
y+2n
k
){Hk(x) +H2n−k(x)}
=
(
x+n
n
)(
y+n
n
)(
1+x+y+2n
2n
)
(
x+2n
2n
)(
y+2n
2n
)(
1+x+y+n
n
){Hn(x) −Hn(1 + x+ y) +H2n(1 + x+ y)}.
In terms of the reversal techniques, it is not difficult to show that
2n∑
k=0
(−1)k
(
2n
k
) (x+k
k
)(
y+k
k
)
(
x+2n
k
)(
y+2n
k
)Hk(x) =
2n∑
k=0
(−1)k
(
2n
k
) (x+k
k
)(
y+k
k
)
(
x+2n
k
)(
y+2n
k
)H2n−k(x).
Therefore, we derive Theorem 1 to complete the proof. 
Taking x = p, y = q with p, q ∈ N0 in Theorem 1 and utilizing (4), we achieve the
summation formula on harmonic numbers:
2n∑
k=0
(−1)k
(
2n
k
) (p+k
k
)(
q+k
k
)
(
p+2n
k
)(
q+2n
k
)Hp+k
=
1
2
(
p+n
n
)(
q+n
n
)(
1+p+q+2n
2n
)
(
p+2n
2n
)(
q+2n
2n
)(
1+p+q+n
n
){Hp +Hp+n −H1+p+q+n +H1+p+q+2n}. (5)
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Theorem 2. Let x be a complex number. Then
2n∑
k=0
(−1)k
(
2n
k
) (x+k
k
)2
(
x+2n
k
)2H〈2〉k (x) = 12
(
x+n
n
)2(1+2x+2n
2n
)
(
x+2n
2n
)2(1+2x+n
n
)H〈2〉n (x).
Proof. Applying the derivative operator Dy to Theorem 1 and then fixing y = x, we
attain
2n∑
k=0
(−1)k
(
2n
k
) (x+k
k
)2
(
x+2n
k
)2 {H2k(x) +Hk(x)H2n−k(x)} = 12
(
x+n
n
)2(1+2x+2n
2n
)
(
x+2n
2n
)2(1+2x+n
n
)
×
{
H〈2〉n (1 + 2x)−H
〈2〉
2n (1 + 2x) + [Hn(1 + 2x)−H2n(1 + 2x)−Hn(x)]
2
}
. (6)
Applying the derivative operator Dx to Theorem 1 and then setting y = x, we obtain
2n∑
k=0
(−1)k
(
2n
k
) (x+k
k
)2
(
x+2n
k
)2 {H2k(x) +Hk(x)H2n−k(x) −H〈2〉k (x)}
=
1
2
(
x+n
n
)2(1+2x+2n
2n
)
(
x+2n
2n
)2(1+2x+n
n
){H〈2〉n (1 + 2x)−H〈2〉2n (1 + 2x)−H〈2〉n (x)
+[Hn(1 + 2x)−H2n(1 + 2x)−Hn(x)]
2
}
.
The difference of (6) and the last equation produces Theorem 2. 
Taking x = p with p ∈ N0 in Theorem 2 and using (4), we get the summation formula
on harmonic numbers:
2n∑
k=0
(−1)k
(
2n
k
) (p+k
k
)2
(
p+2n
k
)2H〈2〉p+k = 12
(
p+n
n
)2(1+2p+2n
2n
)
(
p+2n
2n
)2(1+2p+n
n
){H〈2〉p+n +H〈2〉p }. (7)
Proposition 3 (Harmonic number identity).
2n∑
k=0
(−1)k(
2n
k
) H2k = 1 + 2n2 + 2n
{
H21+2n −
H1+2n
1 + n
−H
〈2〉
1+2n +H
〈2〉
1+n
}
.
Proof. The case x = 0 of (6) reads as
2n∑
k=0
(−1)k(
2n
k
) {H2k +HkH2n−k} = 1 + 2n2 + 2n
{(
H1+2n −
1
1 + n
)2
−H
〈2〉
1+2n +H
〈2〉
1+n
}
.
The case p = n of Wei, Gong and Yan [17, Corollary 21] is
2n∑
k=0
(−1)k(
2n
k
) HkH2n−k = 1 + 2n
2(1 + n)2
{
1
1 + n
−H1+2n
}
.
The difference of the last two equations offers Proposition 3. 
3. Dixon-like identity, bisection method and summation formulas
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involving generalized harmonic numbers
Lemma 4 (Dixon-like identity).
3F2
[
a, b, c
1 + a− b, a− c
∣∣∣ 1
]
=
1
21+c
Γ(1 + a− b)Γ(1+a
2
− b− c)Γ(a−c
2
)Γ(1+a−c
2
)
Γ(1 + a− b− c)Γ(a
2
)Γ(1+a
2
− b)Γ(1+a
2
− c)
+
1
21+c
Γ(1 + a− b)Γ(2+a
2
− b− c)Γ(a−c
2
)Γ(1+a−c
2
)
Γ(1 + a− b− c)Γ(1+a
2
)Γ(2+a
2
− b)Γ(a
2
− c)
provided that Re(1+a
2
− b− c) > 0.
Proof. Recall Whipple’s 3F2-series identity (cf. [2, p. 149]):
3F2
[
a, 1− a, b
c, 1 + 2b− c
∣∣∣ 1
]
=
π21−2bΓ(c)Γ(1 + 2b− c)
Γ(a+c
2
)Γ(1+a−c
2
+ b)Γ(1−a+c
2
)Γ(2−a−c
2
+ b)
,
where Re(b) > 0. Employ the substitution a→ 1 + a in the last equation to gain
3F2
[
1 + a,−a, b
c, 1 + 2b− c
∣∣∣ 1
]
=
π21−2bΓ(c)Γ(1 + 2b− c)
Γ(1+a+c
2
)Γ(2+a−c
2
+ b)Γ(−a+c
2
)Γ(1−a−c
2
+ b)
.
The linear combination of the last two equations gives
3F2
[
a,−a, b
c, 1 + 2b− c
∣∣∣ 1
]
=
1
2
π21−2bΓ(c)Γ(1 + 2b− c)
Γ(a+c
2
)Γ(1+a−c
2
+ b)Γ(1−a+c
2
)Γ(2−a−c
2
+ b)
+
1
2
π21−2bΓ(c)Γ(1 + 2b− c)
Γ(1+a+c
2
)Γ(2+a−c
2
+ b)Γ(−a+c
2
)Γ(1−a−c
2
+ b)
. (8)
According to Kummer’s transformation formula (cf. [2, p. 142]):
3F2
[
a, b, c
d, e
∣∣∣ 1
]
=
Γ(e)Γ(d+ e− a− b− c)
Γ(e− a)Γ(d+ e− b− c)
3F2
[
a, d− b, d− c
d, d+ e− b− c
∣∣∣ 1
]
,
we achieve
3F2
[
c, a, b
a− c, 1 + a− b
∣∣∣ 1
]
=
Γ(1 + a− b)Γ(1 + a− 2b− 2c)
Γ(1 + a− b− c)Γ(1 + a− 2b− c)
× 3F2
[
c,−c, a− b− c
a− c, 1 + a− 2b− c
∣∣∣ 1
]
.
Evaluating the series on the right hand side by (8), we attain Lemma 4 to finish the
proof. 
Theorem 5. Let x be a complex number. Then
n∑
k=0
(−1)k
(
n
k
) (2x+k
k
)
(
2x+n+k
k
)Hk(x)
= 4n−1
(
n− 1
2
n
)
(
2x+2n
n
){Hn(x) +Hn − 2H2n}− 4n−1
n
(
x+n− 1
2
n
)
(
2x+2n
n
)(
x+n
n
) .
Proof. The case c = −n of Lemma 4 can be written as
3F2
[
a, b,−n
1 + a− b, a+ n
∣∣∣ 1
]
= 22n−1
(1+a
2
)n(
2+a
2
− b)n
(a+ n)n(1 + a− b)n
+ 22n−1
(a
2
)n(
1+a
2
− b)n
(a+ n)n(1 + a− b)n
.
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Replace respectively a and b by 1 + x and 1 + y in the last equation to obtain
n∑
k=0
(−1)k
(
n
k
) (x+k
k
)(
y+k
k
)
(
x+n+k
k
)(
x−y+k
k
)
= 22n−1
( x
2
+n
n
)( x−1
2
−y+n
n
)
(
x+2n
n
)(
x−y+n
n
) + 22n−1
( x−1
2
+n
n
)( x−2
2
−y+n
n
)
(
x+2n
n
)(
x−y+n
n
) . (9)
Applying the derivative operator Dy to both sides of (9), we get
n∑
k=0
(−1)k
(
n
k
) (x+k
k
)(
y+k
k
)
(
x+n+k
k
)(
x−y+k
k
){Hk(y) +Hk(x− y)}
= 22n−1
( x
2
+n
n
)( x−1
2
−y+n
n
)
(
x+2n
n
)(
x−y+n
n
) {Hn(x− y)−Hn(x−12 − y)}
+ 22n−1
( x−1
2
+n
n
)( x−2
2
−y+n
n
)
(
x+2n
n
)(
x−y+n
n
) {Hn(x− y)−Hn(x−22 − y)}. (10)
In accordance with the relation
Hn(
x−1
2
− y) = 2H2n(x− 2y)−Hn(
x
2
− y),
(10) can be reformulated as
n∑
k=0
(−1)k
(
n
k
) (x+k
k
)(
y+k
k
)
(
x+n+k
k
)(
x−y+k
k
){Hk(y) +Hk(x− y)}
= 22n−1
( x
2
+n
n
)( x−1
2
−y+n
n
)
(
x+2n
n
)(
x−y+n
n
) {Hn(x− y) +Hn(x2 − y)− 2H2n(x − 2y)}
+ 22n−1
( x−1
2
+n
n
)( x−2
2
−y+n
n
)
(
x+2n
n
)(
x−y+n
n
)
{
Hn(x − y)−Hn(
x
2
− y) +
2
x− 2y + 2n
}
− 22n−1
( x−1
2
+n
n
)(x
2
−y+n
n
)
(
x+2n
n
)(
x−y+n
n
) 2
x− 2y + 2n
.
Substitute respectively x and y by 2x and x in the last equation to produce Theorem
5. 
Fixing x = p with p ∈ N0 in Theorem 5 and exploiting (9), we gain the summation
formula on harmonic numbers:
n∑
k=0
(−1)k
(
n
k
) (2p+k
k
)
(
2p+n+k
k
)Hp+k
= 4n−1
(
n− 1
2
n
)
(
2p+2n
n
){Hp+n +Hp +Hn − 2H2n}− 4n−1
n
(
p+n− 1
2
n
)
(
2p+2n
n
)(
p+n
n
) . (11)
Theorem 6. Let x be a complex number. Then
n∑
k=0
(−1)k
(
n
k
) ( x
2
+k
k
)(
x− 1
2
+k
k
)
( x−1
2
+k
k
)(
x− 1
2
+n+k
k
)H2k(x)
= 4n−1
( x
2
− 1
4
+n
n
)(
− 3
4
+n
n
)
( x−1
2
+n
n
)(
x− 1
2
+2n
n
){Hn(x−12 )−Hn(− 34 )}
+ 4n−1
( x
2
− 3
4
+n
n
)(
− 5
4
+n
n
)
( x−1
2
+n
n
)(
x− 1
2
+2n
n
){Hn(x−12 )−Hn(− 54 )}.
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Proof. Perform the replacements x→ x− 1
2
, y → x
2
in (10) to achieve
n∑
k=0
(−1)k
(
n
k
) ( x
2
+k
k
)(
x− 1
2
+k
k
)
( x−1
2
+k
k
)(
x− 1
2
+n+k
k
){Hk(x2 ) +Hk(x−12 )}
= 22n−1
( x
2
− 1
4
+n
n
)(
− 3
4
+n
n
)
( x−1
2
+n
n
)(
x− 1
2
+2n
n
){Hn(x−12 )−Hn(− 34 )}
+ 22n−1
( x
2
− 3
4
+n
n
)(
− 5
4
+n
n
)
( x−1
2
+n
n
)(
x− 1
2
+2n
n
){Hn(x−12 )−Hn(− 54 )}.
By means of the relation
Hk(
x
2
) +Hk(
x−1
2
) = 2H2k(x), (12)
the last equation can be expressed as Theorem 6 to complete the proof. 
Setting x = p with p ∈ N0 in Theorem 6 and utilizing (9), we attain the summation
formula on harmonic numbers and generalized harmonic numbers:
n∑
k=0
(−1)k
(
n
k
) ( p
2
+k
k
)(
p− 1
2
+k
k
)
( p−1
2
+k
k
)(
p− 1
2
+n+k
k
)Hp+2k
= 4n−1
( p
2
− 1
4
+n
n
)(
− 3
4
+n
n
)
( p−1
2
+n
n
)(
p− 1
2
+2n
n
){2Hp +Hn(p−12 )−Hn(− 34 )}
+ 4n−1
( p
2
− 3
4
+n
n
)(
− 5
4
+n
n
)
( p−1
2
+n
n
)(
p− 1
2
+2n
n
){2Hp +Hn(p−12 )−Hn(− 54 )}. (13)
4. Dougall’s identity, bisection method and summation formulas
involving generalized harmonic numbers
Theorem 7. Let x and y be complex numbers. Then
n∑
k=0
(−1)k
(
n
k
) (2x+k
k
)(
2y+k
k
)
(
2x+n+k
k
)(
2x−2y+k
k
) 1 + 2x+ 2k
1 + 2x+ n+ k
Hk(x)
=
1
2
(
2x+n
n
)(
x−2y−1+n
n
)
(
x+n
n
)(
2x−2y+n
n
) {Hn(x) −Hn(x− 2y − 1)}.
Proof. Employ the substitutions a→ 1 + x, b→ 1 + y, c→ 1 + z in (1) to obtain
n∑
k=0
(−1)k
(
n
k
) (x+k
k
)(
y+k
k
)(
z+k
k
)
(
x+n+k
k
)(
x−y+k
k
)(
x−z+k
k
) 1 + x+ 2k
1 + x+ n+ k
=
(
x+n
n
)(
x−y−z−1+n
n
)
(
x−y+n
n
)(
x−z+n
n
) . (14)
Applying the derivative operator Dz to both sides of (14), we get
n∑
k=0
(−1)k
(
n
k
) (x+k
k
)(
y+k
k
)(
z+k
k
)
(
x+n+k
k
)(
x−y+k
k
)(
x−z+k
k
) 1 + x+ 2k
1 + x+ n+ k
{
Hk(z) +Hk(x− z)
}
=
(
x+n
n
)(
x−y−z−1+n
n
)
(
x−y+n
n
)(
x−z+n
n
) {Hn(x− z)−Hn(x− y − z − 1)}. (15)
Replace respectively x, y and z by 2x, 2y and x in the last equation to offer Theorem
7. 
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Taking x = p, y = q
2
with p, q ∈ N0 in Theorem 7 and using (14), we gain the summation
formula on harmonic numbers:
n∑
k=0
(−1)k
(
n
k
) (2p+k
k
)(
q+k
k
)
(
2p+n+k
k
)(
2p−q+k
k
) 1 + 2p+ 2k
1 + 2p+ n+ k
Hp+k
=
1
2
(
2p+n
n
)(
p−q+n−1
n
)
(
p+n
n
)(
2p−q+n
n
) {Hp +Hp+n +Hp−q−1 −Hp−q+n−1}. (16)
Theorem 8. Let x and y be complex numbers. Then
n∑
k=0
(−1)k
(
n
k
) ( x
2
+k
k
)(
x− 1
2
+k
k
)(
y+k
k
)
( x−1
2
+k
k
)(
x− 1
2
+n+k
k
)(
x−y− 1
2
+k
k
) 1 + 2x+ 4k1 + 2x+ 2n+ 2kH2k(x)
=
1
2
(
x− 1
2
+n
n
)( x−3
2
−y+n
n
)
( x−1
2
+n
n
)(
x−y− 1
2
+n
n
){Hn(x−12 )−Hn(x−32 − y)}.
Proof. Substitute respectively x and z by x− 1
2
and x
2
in (15) to achieve
n∑
k=0
(−1)k
(
n
k
) ( x
2
+k
k
)(
x− 1
2
+k
k
)(
y+k
k
)
( x−1
2
+k
k
)(
x− 1
2
+n+k
k
)(
x−y− 1
2
+k
k
) 1 + 2x+ 4k1 + 2x+ 2n+ 2k
{
Hk(
x
2
) +Hk(
x−1
2
)
}
=
(
x− 1
2
+n
n
)( x−3
2
−y+n
n
)
( x−1
2
+n
n
)(
x−y− 1
2
+n
n
){Hn(x−12 )−Hn(x−32 − y)}.
In terms of (12), the last equation can be manipulated as Theorem 8 to finish the
proof. 
Fixing x = p, y = q with p, q ∈ N0 in Theorem 8 and exploiting (14), we attain the
summation formula on harmonic numbers and generalized harmonic numbers:
n∑
k=0
(−1)k
(
n
k
) ( p
2
+k
k
)(
p− 1
2
+k
k
)(
q+k
k
)
( p−1
2
+k
k
)(
p− 1
2
+n+k
k
)(
p−q− 1
2
+k
k
) 1 + 2p+ 4k1 + 2p+ 2n+ 2kHp+2k
=
1
2
(
p− 1
2
+n
n
)( p−3
2
−q+n
n
)
( p−1
2
+n
n
)(
p−q− 1
2
+n
n
){2Hp +Hn(p−12 )−Hn(p−32 − q)}. (17)
Theorem 9. Let x be a complex number. Then
n∑
k=0
(−1)k
(
n
k
) (2x+k
k
)
(
2x+n+k
k
) 1 + 2x+ 2k
1 + 2x+ n+ k
H2k(x) =
1
2n
(
2x+n
n
)
(
x+n
n
)2{Hn−1 −Hn(x)}.
Proof. Theorem 7 can be written as
n∑
k=0
(−1)k
(
n
k
) (2x+k
k
)(
2y+k
k
)
(
2x+n+k
k
)(
2x−2y+k
k
) 1 + 2x+ 2k
1 + 2x+ n+ k
Hk(x)
=
1
2(x− 2y + n)
(
2x+n
n
)(
x−2y+n
n
)
(
x+n
n
)(
2x−2y+n
n
)
{
(x − 2y)
[
Hn(x)−Hn(x− 2y)
]
−
n
x− 2y + n
}
.
Applying the derivative operator Dy to both sides of the last equation, we obtain
n∑
k=0
(−1)k
(
n
k
) (2x+k
k
)(
2y+k
k
)
(
2x+n+k
k
)(
2x−2y+k
k
) 1 + 2x+ 2k
1 + 2x+ n+ k
Hk(x)
{
Hk(2y) +Hk(2x− 2y)
}
=
1
2(x− 2y + n)
(
2x+n
n
)(
x−2y+n
n
)
(
x+n
n
)(
2x−2y+n
n
)
{
(x− 2y)An(x, y)−
nBn(x, y)
x− 2y + n
−
2n
(x− 2y + n)2
}
,
Generalized harmonic numbers 9
where the corresponding symbols stand for
An(x, y) =
[
Hn(x) −Hn(x− 2y)
][
Hn(2x− 2y)−Hn(x− 2y)
]
−H〈2〉n (x− 2y),
Bn(x, y) = Hn(x) +Hn(2x− 2y)− 2Hn(x− 2y).
Perform the replacement y → x
2
in the last equation to give Theorem 9. 
Setting x = p with p ∈ N0 in Theorem 9 and utilizing (14), (16) and the relation
H2k(p) = {Hp+k −Hp}
2 = H2p+k − 2HpHp+k +H
2
p ,
we get the summation formula on harmonic numbers:
n∑
k=0
(−1)k
(
n
k
) (2p+k
k
)
(
2p+n+k
k
) 1 + 2p+ 2k
1 + 2p+ n+ k
H2p+k =
1
2n
(
2p+n
n
)
(
p+n
n
)2{Hn−1 −Hp −Hp+n}. (18)
Theorem 10. Let x and y be complex numbers. Then
n∑
k=0
(−1)k
(
n
k
) ( x
2
+k
k
)2(x− 1
2
+k
k
)
( x−1
2
+k
k
)2(
x− 1
2
+n+k
k
) 1 + 2x+ 4k1 + 2x+ 2n+ 2kH22k(x)
=
1
4
(
x− 1
2
+n
n
)(
− 3
2
+n
n
)
( x−1
2
+n
n
)2 {[Hn(x−12 )−Hn(− 32 )]2 −H〈2〉n (− 32 )}.
Proof. Applying the derivative operator Dy to both sides of (15), we gain
n∑
k=0
(−1)k
(
n
k
) (x+k
k
)(
y+k
k
)(
z+k
k
)
(
x+n+k
k
)(
x−y+k
k
)(
x−z+k
k
) 1 + x+ 2k
1 + x+ n+ k
×
{
Hk(y) +Hk(x− y)
}{
Hk(z) +Hk(x− z)
}
=
(
x+n
n
)(
x−y−z−1+n
n
)
(
x−y+n
n
)(
x−z+n
n
) {Cn(x, y)−H〈2〉n (x − y − z − 1)},
where Cn(x, y) =
[
Hn(x − y) − Hn(x − y − z − 1)
][
Hn(x − z) − Hn(x − y − z − 1)
]
.
Employ the substitutions x→ x− 1
2
, y → x
2
, z → x
2
in the last equation to achieve
n∑
k=0
(−1)k
(
n
k
) ( x
2
+k
k
)2(x− 1
2
+k
k
)
( x−1
2
+k
k
)2(
x− 1
2
+n+k
k
) 1 + 2x+ 4k1 + 2x+ 2n+ 2k
{
Hk(
x
2
) +Hk(
x−1
2
)
}2
=
(
x− 1
2
+n
n
)(
− 3
2
+n
n
)
( x−1
2
+n
n
)2 {[Hn(x−12 )−Hn(− 32 )]2 −H〈2〉n (− 32 )}.
According to (12), the last equation can be expressed as Theorem 10 to complete the
proof. 
Taking x = p with p ∈ N0 in Theorem 10 and using (14), (17) and the relation
H22k(p) = {Hp+2k −Hp}
2 = H2p+2k − 2HpHp+2k +H
2
p ,
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we attain the summation formula on harmonic numbers and generalized harmonic num-
bers:
n∑
k=0
(−1)k
(
n
k
) ( p
2
+k
k
)2(p− 1
2
+k
k
)
( p−1
2
+k
k
)2(
p− 1
2
+n+k
k
) 1 + 2p+ 4k1 + 2p+ 2n+ 2kH2p+2k
=
1
4
(
p− 1
2
+n
n
)(
− 3
2
+n
n
)
( p−1
2
+n
n
)2 {[Hn(p−12 )−Hn(− 32 )]2 −H〈2〉n (− 32 )
+ 4Hp
[
Hp +Hn(
p−1
2
)−Hn(−
3
2
)
]}
. (19)
With the change of the parameters p and q, (5), (7), (11), (13) and (16)-(19) can create
a lot of concrete harmonic number identities. The corresponding results will not be
displayed here.
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